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 4 w xLet G be a bipartite graph on the vertex set 1, . . . , d . Let K t , . . . , t denote1 d
w xthe polynomial ring in d indeterminates over a field K and K G the subalgebra of
w x  4K t , . . . , t generated by all squarefree quadratic monomials t t such that i, j is1 d i j
w xan edge of G. Let I denote the toric ideal of K G . In this paper, we determineG
w xthe bipartite graphs G for which K G is Koszul. Q 1999 Academic Press
THEOREM. Let G be a bipartite graph. Then, the following conditions are
equi¨ alent:
 .i E¨ery cycle in G of length G 6 has a chord.
 .ii I has a Grobner basis consisting of quadratic binomials.ÈG
 . w xiii K G is Koszul.
 .iv I is generated by quadratic binomials.G
 .  .  .  . w x w x w xProof. First, ii « iii « iv m i are known. See 1 , 2 , 3 , and
w x  .  .4, Chapter 9 . Thus, we must show that i « ii . Since G is bipartite,
 .  .the vertex set V G of G has a partition V G s V DV with V s1 2 1
 4  X X4¨ , . . . , ¨ , V s ¨ , . . . , ¨ , and V FV s B such that each edge of G is1 s 2 1 t 1 2
 X4  j.of the form ¨ , ¨ with 1 F i F s and 1 F j F t. Let A s a be thei j i
incidence matrix of G whose rows are indexed by V and whose columns1
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are indexed by V . Now, we define an order $ on vectors as follows:2 r e¨
a $ b m the most right nonzero componentr e¨
in the vector a y b is negative.
 . jLet d s d , d , . . . , d with d s  a . Suppose that i - i andA 2 3 sqt k iqjsk i 1 2
a $ a . By permuting the rows a and a , we get a new matrix A9.i r e¨ i i i2 1 1 2
Then, A9 satisfies d $ d . Thus, by repeating permutation of rows andA r e¨ A9
columns of A, we get a matrix A0 that maximizes d . Hence, we mayA0
assume that the rows and columns of A are simultaneously arranged in
the order $ . Suppose that A has a submatrixr e¨
a j1 a j2i i1 1 1 1s s B ,
j j  /1 2 1 0 /a ai i2 2
with i - i and j - j . Since a $ a , there exists an index j ) j1 2 1 2 i r e¨ i 3 21 2
 j3 j3.  . k ksuch that a , a s 0, 1 and a s a for all j - k. Similarly, sincei i i i 31 2 1 2j1 j2  j1 j2 .  .a $ a , there exists an index i ) i such that a , a s 0, 1 andr e¨ 3 2 i i3 3
a j1 s a j2 for all i - l. If a j3 s 1, then A has the submatrixl l 3 i3
a j1 a j2 a j3i i i1 1 1 1 1 0
j j j1 2 3a a a s .1 0 1i i i2 2 2  /0 1 1j j j 01 2 3a a ai i i3 3 3
This submatrix represents the cycle of length 6 in G having no chord. This
 . j3contradicts i . Hence, suppose that a s 0. Since a $ a , there existsi i r e¨ i3 2 3
 j4 j4.  . k kan index j ) j such that a , a s 0, 1 and a s a for all j - k.4 3 i i i i 42 3 2 3
Similarly, since a j2 $ a j3, there exists an index i ) i such thatr e¨ 4 3
 j2 j3.  . j2 j3 j4a , a s 0, 1 and a s a for all i - l. If a s 1, then A has thei i l l 4 i4 4 4
submatrix
a j1 a j2 a j3 a j4i i i i1 1 1 1
1 1 0 0j j j j1 2 3 4a a a ai i i i2 2 2 2 1 0 1 0s .
j j j j1 2 3 4 0 1 0 1a a a ai i i i  03 3 3 3 0 0 1 1 0j j j j1 2 3 4a a a ai i i i4 4 4 4
This submatrix represents the cycle of length 8 in G having no chord. This
 .contradicts i . Repeating this finite times, we get the cycle in G having no
chord. Thus, we conclude that A contains no submatrix B.
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Now, we choose a reverse lexicographic term order $ induced by
 X 4  X 4  X4¨ , ¨ $ ¨ , ¨ $ . . . $ ¨ , ¨ . Then, every cycle C of length 4 in G1 1 1 2 s t
appears in A as the submatrix
1 1 /1 1
with the initial part
1 . /1
 4Let C , . . . , C denote the set of all cycles of length 4 in G. We may1 m
 .associate a closed walk G s i , i , . . . , i , i in G with a binomial1 2 2 k 1
k k
f [ x y x g I , G i i G2 ly1 2 l
ls1 ls1
 4where each x corresponds to the edge i , i for 1 F j F 2k y 1 andj j jq1
 4x corresponds to the edge i , i . Since every cycle in G of length G 62 k 2 k 1
 4has a chord, I is generated by f , . . . , f . With respect to $ , we applyG C C1 m
 4  .Buchberger's criterion to the generating set f , . . . , f . Let S f , fC C C C1 m i j
 .denote the S-polynomial of f and f . If the initial term in fC C $ Ci j i
 .of f and the initial term in f of f are relatively prime, thenC $ C Ci j j
 .  4  .S f , f reduces to 0 with respect to f , . . . , f . Suppose that in fC C C C $ Ci j 1 m i
 .  .in in f are not relatively prime. Then, since G is bipartite, in f$ C $ Cj i
 .  .and in f have precisely one common variable. Hence, S f , f s f$ C C C Gj i j
for some closed walk G of length 6. Since G has no odd cycle, either
 .  .G s ¨ , ¨ , ¨ , ¨ , ¨ , ¨ , ¨ or G s ¨ , ¨ , ¨ , ¨ , ¨ , ¨ , ¨ . If G s1 2 3 4 5 4 1 1 2 3 4 5 6 1
 .  .¨ , ¨ , ¨ , ¨ , ¨ , ¨ , ¨ , then S f , f reduces to 0 with respect to f ,1 2 3 4 5 4 1 C C Ci j
 .where C s ¨ , ¨ , ¨ , ¨ , ¨ is a cycle of length 4. If G s1 2 3 4 1
 .¨ , ¨ , ¨ , ¨ , ¨ , ¨ , ¨ , i.e., G is a cycle of length 6, then G appears in A1 2 3 4 5 6 1
as one of the following submatrices:
) 1 1 ) 1 1 1 ) 1
, , ,1 ) 1 1 1 x ) 1 1 /  /  /1 1 x 1 ) 1 1 1 x
1 ) 1 1 1 ) 1 1 )
, , .1 1 x ) 1 1 1 x 1 /  /  /) 1 1 1 x 1 ) 1 1
Note that all six matrices above contain the submatrix
1 1F s . /1 x
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Since A contains no submatrix B, G has a chord at x, and F represents
the cycle C9 of length 4. Then, the initial term of f divides the initialC 9
term of f andG
in f .$ G
f y f s x ? f ,G C 9 i C 0in f .$ C 9
where x is a variable and C0 is a cycle of length 4. Hence, f reduces to 0i G
 4with respect to f , . . . , f . By virtue of Buchberger's criterion,C C1 m
 4f , . . . , f is a Grobner basis of I with respect to $ consisting ofÈC C G1 m
quadratic binomials as desired. Q.E.D.
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